A self-consistent cluster approximation is developed for the wave-vector (q) -dependent spinspin correlation in Ising models describing magnetic and ferroelectric systems. The method is particularly suitable for describing systems with competing short-range interactions. The selfconsistent approximation for the q-dependent susceptibilities with clusters of size W is found to
I. INTRODUCTION
In recent years, there has been great progress in understanding critical phenomena using scaling ideas and renormalization-group techniques. ' However, simple analytical approximations are useful in understanding thermodynamic properties of specific systems, in particular, for temperatures and length scales outside the critical region. While the Curie-gneiss mean-field approximation usually provides a starting point for qualitative understanding of the phase transition, in many cases a significant improvement is achieved by using cluster approximation methods, in which the effect of fluctuations is incorporated in a self-consistent way. This is particularly true for systems which possess competing short-range interactions, which give rise to strong fluctuations in the effective interactions which are not accounted for in the simple mean-field treatment.
Another example is hydrogen-bonded systems in which the strong correlations between the neighboring hydrogens are adequately taken into account by cluster methods. ' In fact, in ice-rule systems where the number of hydrogens in each vertex is fixed, the results of the cluster method for the value of the transition temperature T, and some of its critical properties agree with the known exact solutions, '0 It should be also noted that self-consistent cluster methods may be a useful starting point for renormalization schemes, especially in real-space renormalization-group methods. "
In the present work, we construct a self-consistent cluster approximation for q-dependent correlations in spin systems. This is done by extending the q =0 cluster method of Strieb et aI. 4 to nonuniform (q %0) cases. The main advantage of the present method is that it yields a simple general expression in closed form for any cluster size. Our results are expressed in terms of the inverse of the spin-spin correlation matrix within the cluster, thus revealing the basic physical content of the cluster approximation, i.e. , the renormalization of the bare short-range interactions by the short-range correlations. %e treat explicitly spin systems described by the Ising Hamiltonian although our results can be generalized in a straightforward way to other spin models.
The method is applied in detail to calculate the scattering intensity for potassium-dihydrogenphosphate (KDP)-type hydrogen-bonded ferroelectrics. %e show that the anisotropic correlations between the hydrogen bonds produce strong anisotropy in the q dependence scattering intensity quite similar to the anisotropy generated by long-range dipolar force. Qualitatively similar anisotropy has previously been found using a stmple mean-field approximation. " Ho~ever, the temperature dependence predicted by the mean-field results is known to be incorrect even for q = 0 and certainly cannot be used for quantitative comparison with the scattering data. '
The present results are found to be in good agreement with the available neutron scattering data for KD2P04. ' This ansatz is trivial in the uniform case ( (S, ') - (S') where the subscript N has. been dropped. from (Sf).
Note that the summation over j in (g) stands for the summation over the extended cluster defined above.
Depending on the structure of. the lattice and the cluster, z; may in general. depend on i. %e will deal here only with the case to solve (9), we have to specify the fields H;. We write ZI -=c Z independent of i. Equation (8) now yields H, =H~" exp(iq R;)a'"(q) (S;) = (S, ")exp(iq R;)a'"(q) (10) (I -c) (S, *) 
where M ' is the inverse of the matrix M. In order where a'"(q) (v = I, . . . ,N), which will be determined later, are associated with the phases of the N normal modes of the cluster. Substituting (10) in (9) yields We apply a two-cluster approximation for the 1D
Hamiltonian (1) 
we obtain from (11) the following result Fig. 1(b) . Consider for simplicity the case q =(q, q). Then,
It is readily shown that (18) holds for any size cluster, and therefore is also the exact value of the qdependent magnetic susceptibility for the 1D Ising model. ' In this case, X2(q) is simply X)(q + n/a) 
. (20) Equation (20) It is of interest to compare this result with a twocluster approximation consisting of two nearestneighbor spins in the x direction for the 2D case.
The result is similar to the 1D case except for the value of c which is now 4, yielding X '(q) =2T(cosh2pJ -sinh2pJ cosqaz ), (22) which gives for T"csohP2, J -sinh2P, J = -, and for (21) shows that the value of q0 decreases as the size of the cluster increases. Indeed, it was found by using series expansion methods and by renormalization-group theory~' that X(q) has a maximum value as a function of T for any fixed value of q 40. It should be noted that in contrast to the present theory, a simple mean-field theory does not predict any maximum for X(q).
III. %AVE-VECTOR-DEPENDENT SUSCEPTIBILITIES FOR KDP-TYPE FERROELECTRICS
The static and dynamic properties of KDP-type ferroelectrics are reasonably well described by a pseudospin Ising Hamiltonian of the form (1) (Refs. 7, 8, 17) in which the exchange interactions J;, represent the short-range interactions between neighboring hydrogen bonds, and S, = +1 stands for the position of the proton in the double-well potential along its bond. The smallest cluster which is compatible with the structure of KDP-type crystals is a cluster of four pseudospins representing the four bonds surrounding a single PO4 group (see Fig. 2 ). Indeed, 
In (28) (14) 
Equations (32) and (33) 
I along (0, 0,q) direction much more rapidly than along the perpendicular direction, Physically, the origin of this anisotropy lies in the fact that polarization fluctuations in the (q",q") plane involve only configurations with low energies ep, whereas those along the q, direction necessarily involve configurations with high energies of the order e~. An estimate of this anisotropy can be found by expanding (32) and (33) 
IV. ICE-RULE SYSTEMS
Ice-rule systems are described by bond configurations in which all the groups have exactly two hydrogens adjacent to them. This amounts to excluding all the energy levels except for the two ground states and the four levels with energy ao (see Fig. 2 ). The ice-rule limit is included in the general model (24) by taking V~and U+ V = const or, equivalently, e~~, so=const [see (25) ]. From the discussion in Sec. III, it follows that the anisotropy is expected to be enhanced in this limit. In Fig. 7 , we plot X~(q) as given in (30) in the plane (q, q, q, ) for the case so=92 K, a~=~at T -T, =5 K. Contours of Xt(q) for the same set of parameters are plotted in Fig. 8 .
These results show a dipolar-type singularity near the origin. The singular dependence on q can be extracted from (31), which yields for e~=~and small q, '(0) diverges in the ice-rule limit, whereas in the cluster approximation both 8 and x~(0) remain finite. It shouM be noted that the predicted dipolar singularity (36), in the ice-rule systems qualitatively agrees with the exact result for the correlations in the special case of a, six-vertex model. ' Finally, the same type of singularity has been observed in neutron scattering measurements of copper formate tetrahydrate which is known to satisfy the ice-rule constraints. Using a different approach, Youngblood et aI. " argued that a singularity of the type given in (36) exists in ice-rule systems. The present approach, however, provides a systematic treatment of the anisotropy in both the ice-rule systems and in systems for which these rules are not strictly obeyed. Also, our predictions contain both the q =0 critical susceptibilities and the qdependent parts, thus enabling us to make a quantitative comparison with the scattering data using only the parameters which are determined via the uniform static measurements.
Finally, we obtain an explicit expression for the susceptibility which is valid not only in the asymptotic region q 0 limit but for fin- 
